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This paper focuses on the construction, development, and use of mathematical 
models by prospective science and mathematics teachers enrolled in a university 
physics course. By studying their involvement in an inquiry-based, experimental 
approach to learning kinematics, we address a fundamental question about the 
meaning and role of abstraction in modelling when such approaches involve 
students encountering and resolving experimental error. We use a "tensions" 
framework to explore the capability of learners to make necessary connections 
between abstract mathematical models and physical phenomena. 


In recent years the use of models in teaching and learning science has been given 
serious consideration by science education researchers (Halloun, 1996; Hestenes, 
1992, 1993; Wells, Hestenes, & Swackhamer, 1995). Likewise, research on the role 
of models and modelling in mafhemafics education has also surfaced (Confrey & 
Doerr, 1994; Doerr & English, 2003; Doerr & Tripp, 1999; Lesh & Doerr, 2003). 
Supporf for educafional research involving modelling promises fo continue 
(Blum, Galbraifh, Herm, & Niss, 2007) and will likely answer many imporfanf 
questions relafed fo sfudenf learning of mafhemafics and science fhrough 
inquiry. For example, some currenf research has focused on modelling fhaf 
supporfs sfudenf learning of sfafisfics in highly confexfual and meaningful ways 
(Lehrer & Schauble, 2002). Mosf recenfly infernafional research communities 
presenfed sfudies of modelling approaches in mafhemafics classrooms on a 
global scale and emphasised fheir impacf on learning mafhemafics (Blum, 
Galbraifh, Henn, & Niss, 2007; Mafos, Blum, Housfon, & Carreira, 2001). 

This paper focuses on whaf we call "mafhemafical models"; fheir 
consfrucfion, developmenf, and use in fhe classroom fhrough an inquiry-based 
approach fo f caching and learning kinematics. We rely on fhe view fhaf a 
scienfific model becomes a mafhemafical model if fhe model describes or 
represenfs a real-world sifuafion wifh a mafhemafical consfrucf (or consfrucfs) 
involving mafhemafical concepfs and fools (Poliak, 2003). A mafhemafical model 
is residenf in cerfain domains of mafhemafics (such as algebra, geomefry and 
sfafisfics) because of fheir algorifhms and formulae; however, fhe mafhemafics 
involved in fhe model musf be made reasonable in two ways, not only in its 
mathematical "correctness" with regard to the domain in which it is resident, but 
also in the real-world situation which it represents (Poliak, 2003). The transfer 
from scienfific fo mafhemafical model also involves identifying and using 
mafhemafical consfrucfs such as space and measure as well as ofher consfrucfs 
fhaf bring insighf fo solving a problem or undersfanding a sifuafion (Lehrer & 
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Schauble, 2000). We claim that learning with mathematical models not only has 
practical applications, but also has philosophical and historical relevance in the 
construction of mathematical and scientific knowledge (Dear, 1995; Sepkoski, 
2005). 

When reading fhe liferafure on modelling, one may ask if mafhemafical 
modelling should be considered a proficiency or a compefency in learning 
mafhemafics. These are two seemingly distinct views of fhe subjecf, each wifh ifs 
own relafed sef of research questions (Infernafional Commission on Mafhemafics 
Insfrucfion (ICMI), 2003) and research paradigms. Consequenfly, fhese 
paradigms lead fo differenf suggestions for insfrucfional mefhods and fhe 
reconciliafion of fhose mefhods wifh esfablished insfrucfional goals. We argue 
fhaf reconciling fhose mefhods becomes more complex when one considers fhe 
nafional calls fo infegrafe mafhemafics and science af fhe classroom level fhrough 
aufhenfic acfivifies so fhaf fhe learning of one subjecf domain can enhance fhe 
learning of fhe ofher (Nafional Research Council, 1996, 2000). In acfual 
mafhemafical and scienfific pracfice, fhe developmenf and accepfance of 
mafhemafical models is complex; yef, nafional sfandards call for sfudenfs fo 
connecf mafhemafics and science fo real world phenomena and learn bofh 
subjecfs fhrough aufhenfic acfivifies. 

Such an infegrafed approach reveals fhe complexifies of mafhemafical 
modelling based on one key (and relafed) quesfion posed abouf mafhemafical 
modelling "Whaf is fhe meaning and role of absfracfion, formalizafion and 
generalization in applicafions and modelling?" (ICMI, 2003, p. 11) This quesfion 
addresses episfemological considerafions of why more fradifional mafhemafics 
and science f 5 q)ically value absfracf "frufhs" over fhe relafionship between 
mafhemafics and real phenomena. If may also be inferprefed as a need fo 
examine nof only cognitive processes and sfudenf fhinking buf also social 
pracfice in fhe classroom. In bofh cases, fhe role of absfracfion plays a 
fundamenfal role and is fhe focus of invesfigafion. 

Does formal, absfracf mafhemafics play a large role in learning wifh 
mafhemafical models? If so, one key quesfion concerns fhe ways in which 
sfudenfs make connecfions between a formal mafhemafical model and fhe 
phenomenon fhaf fhey are sfudying. This issue has been addressed in prior 
writings. For example, wifhin fhe body of sfafisfics learning liferafure, delMas 
(2004) poinfs ouf fhaf: 

In the practice of statistics, model abstraction always begins with a context. 
When this practice is taught in the statistics classroom, the student is dependent 
on the characteristics of the context to guide model selection and development. 

In some respects, this may be a more difficult task than the purely mental 
activity required in mathematical reasoning. During model selection and 
construction, the student faces some of the same cognitive demands that are 
required by abstract reasoning while having to check the model's validity 
against the context, (p. 91) 

Another example highlights the importance of learners being required fo "fif" 
fheir observafions fo an absfracf model in mafhemafics and physics. Giere (1999) 
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claims that a "technically correct" equation for linear motion can be written - one 
that involves margin of error (Figure 1). However, he claims "fhis is nof 
necessarily fhe besf way of inferprefing fhe acfual use of absfracf models in fhe 
sciences" (p. 50). 



y = a X + b 

y 


b 



X 


d(t) = V t + do 

d± 

5 = (v ± 5 vv) (f ± 5 tt) + (do ± 5 ddo) 


Figure 1. Giere's equation for linear mofion (p. 49). 


The use of symbolic language can disassociafe fhe model from observed 
phenomena since symbolic language bears ifs own sfrucfure and requires ifs own 
rules of use. A similarify befween fhe model and fhe world musf be drawn, buf 
fhe absfracf nafure of fhe model musf remain infacf. In Giere's view (and perhaps 
in fhe view of ofher scienfisfs), "Mafhemafical modelling is a matter of 
consfrucfing an idealized, absfracf model which may fhen be compared for ifs 
degree of similarify wifh a real sysfem" (p. 50). The crux of Giere's claims can be 
analysed in fhe confexf of how fhaf absfracfion fakes place, especially in lighf of 
pre-concepfions, prior knowledge, and experience, which sfudenfs will nof easily 
dismiss. Furfhermore, fhe realm of physics acknowledges error more readily 
fhan mafhemafics, yef fhe presenfafion and use of absfracf models in fhe physics 
curriculum are common and expecfed. One may even propose fhaf learning 
formal, deconfexfualised mafhemafical sfrucfures is fhe ulfimafe goal of 
mafhemafical modelling in science. The aforemenfioned conflicfs can make if 
difficulf for classroom inferacfions fo satisfy fhe goals of fhe various sciences 
(including mafhemafics), which may be in conflicf wifh each ofher. Anofher 
conflicf may exisf befween insfrucfional goals of fhe educafion sysfem and goals 
for robusf learning. For example, developing appreciafion for experimenfal error 
and uncerfainfy may be a goal in physics and sfafisfics, buf nof be an imporfanf 
goal in algebra. The fheory of reificafion puf forward by Sfard and Linchevski 
(1994) confends fhaf objectification of symbols is fhe necessary process for 
learning algebra; however, ofhers confend fhaf reificafion is only one view of 
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mathematical reasoning and development. It tends to ignore the historical 
development of mathematical knowledge and stands in opposition to relevant 
issues of school reform in mafhemafics including learning fhrough inquiry 
(Confrey & Cosfa, 1996). 

In order fo help sfudenfs obfain learning goals, feachers musf be able fo 
creafe and sfrengfhen links befween more formal, absfracf mafhemafical 
concepfs and real-world sifuafions where mafhemafics plays a more applied role. 
As feachers immersed in a modelling environmenf move wifhin fhe realms of 
personal experience, mafhemafics, and science (e.g., physics), emerging fensions 
in sfudenf learning (and fheir own) could become apparenf fo fhem. If feachers 
are fo move effecfively befween fhese realms, fhey musf make choices on how fo 
relieve resulfing fensions wifhin fhemselves and fheir sfudenfs; such choices 
have a profound impacf on fhe use of modelling approaches in fhe classroom. 
For example, feachers who disregard variation in real-fime motion dafa may nof 
be aware fhaf fhey are failing fo meef one of fhe goals in physics - fo accounf for 
experimenfal error. Likewise, feachers who do nof advance fheir sfudenfs' 
concepfual developmenf of purely linear (i.e., error-free) models for posifion and 
fime in force-free sifuafions may lose some critical mafhemafics and physics 
undersfanding for fheir sfudenfs. Therefore, feachers immersed in a modelling 
environmenf require supporf and professional developmenf in bofh confenf and 
pedagogical confenf knowledge (Lehrer & Schauble, 2000; Pefrosino, 2003). 
Ofherwise, many feachers may resolve fhe issue by circumvenfing fhe fensions 
fhrough direcf insfrucfion mefhods fhaf do nof facilifafe concepfual 
undersfanding or absfracfion. In some cases, feachers may possibly abandon an 
inquiry-based approach alfogefher. 

Theoretical Perspective on Learning Motion 
Through Modelling 

The crifical fheme of comprehending and resolving experimenfal error as if 
relafes fo making a cormecfion befween an absfracf model and learner experience 
wifh physical phenomena is highlighfed in fhis paper. Error can be discussed in 
absfracf ferms (e.g., fhe symbolic combined wifh reliance on formal 
mafhemafical sysfems or sfrucfures) or in ferms consisfenf wifh physical 
experience (observations and experimenfs combined wifh dafa inferprefafion). 
One h 5 q)ofhefical example fhaf highlighfs fhese issues involves a simple 
experimenf where sfudenfs examine a bowling ball rolling down a hall. The 
sfudenfs are given fhe fask of predicting how long if would fake fhe ball fo fravel 
10m if if were nof blocked by fhe end of fhe hall. They decide fo mark fhe fimes 
as fhe ball passes given locations. One sfudenf releases fhe ball and yells, "Go!" 
Af fhis signal all fhe ofhers, spaced af equal disfances along fhe pafh fhey expecf 
fhe ball fo fake, sfarf fheir sfop-wafches. Each one stops her or his wafch as fhe 
ball passes. Sample dafa for fhis h 5 q)ofhefical experimenf are shown in Table 1. 

Eirsf, sfudenfs creafe bofh fhe fable and fhe related graph of posifion versus 
fime (see Eigure 2). 
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Table 1 


Sample Data from a Hypothetical Experiment Investigating Motion 


Time (s) 

Position (m) 

0 

0.0 

1 

0.5 

2 

1.1 

3 

1.6 

4 

2.0 

5 

2.3 

6 

2.5 



Figure 2. Plot of sample data from hypothetical experiment. 


Based on prior knowledge, the students believe that the speed of the ball 
"should" be constant in this situation. From science classes they have learned 
that the laws of physics treat real situations as ideal and neglect friction. That 
leads them to believe that the ball should cover equal distances in equal times. In 
order to predict the time for the ball to travel 10 metres, they realise that they 
need to calculate a representative rate of distance per time (or time per distance). 
They argue that this rate can be found by taking the total distance travelled and 
dividing it by the time it took to travel that distance. 

Other students, however, remember their science laboratory reports and 
believe that they need to take possible sources of error into account. They argue 
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that the last timer might not have been accurate, and that a better way to find the 
representative rate would be to calculate it for each consecutive second, and take 
an average. Yet another group of studenfs recognises fhaf fhe rate is 
systematically decreasing. From the graph they can see that the data are not 
really linear at all, but they still believe that position versus time "should" be a 
straight line. These students argue that the graph can be replaced by a series of 
lines from the origin (Figure 3) and that the slope of the middle line will be the 
characteristic rate. 



Figure 3. Establishing a characteristic rate for the h 5 ^othetical experiment. 


They want to extend this line out to 10 metres and predict the time. One of 
fhe sfudenfs in the first group argues that this will not work, though, because the 
ball's speed will continue to get slower as it rolls further down the hall; it has 
never yet been as slow as it will be at the 10 metre mark. 

The students are at a loss as to how to proceed. Those who believe that 
sources of error such as friction and human reaction time should be ignored still 
want to average the rates of change and create one model line. Others suspect 
that these data really do not fit a linear model, but do not know how to show that 
the fit is not "good enough," that is, that they need a different model. The data 
appear to be quadratic (some of them have even made a quadratic fit using their 
calculators) but the students do not know how to prove this is the right way to 
go and cannot see why friction should cause the relationship between distance 
and time to be quadratic in the first place. 

Based on student discussions and students' engagement with the task, a 
teacher might respond to these conflicts by emphasising any one of the following 
different perspectives on the modelling of physical events: 

• No motion in nature truly exhibits constant velocity and it is impossible 
to measure any physical quantity with infinite precision. A model should 
reflect these variations and limitations to the greatest extent possible, 
but aU models are limited in their capability to truly describe and predict. 
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• A mathematical model should never reflect error. Its mathematical 
structure and nature allows it to describe and predict motion in a way 
that is generalisable to many situations. Thus, experimental error 
should be ignored. 

• A mathematical model would not reflect error had the students 
conducted a "perfect" experiment explaining how motion should 
behave under "ideal" circumstances. Students' personal experience 
with the experiment limits "true" understanding. Thus, constructing 
the most ideal situations is the focus of learning. 

This h 5 ^ofhefical modelling episode illusfrafes opporfunifies for sfudenfs fo 
consider accuracy and whaf measuremenfs are "good enough" fo use in order fo 
answer a prediction quesfion or generafe an absfracf mafhemafical model. In fhis 
example, sfudenf experience wifh fhe phenomenon, along wifh fheir prior, 
formal knowledge of bofh mafhemafics and physics, could lead fo deeper 
invesfigafion of fensions among all fhree areas. 

Inherent Tensions in Learning With and Through Models 

The fension befween scienfisfs' personal experience in conducting mofion 
experimenfs and mafhemafical modelling of mofion such as free-fall has also 
been in evidence historically For example. Dear (1995) ouflines a criticism of 
Galileo's rule of free fall presenfed by Honore Fabri, fheologian and philosopher. 
Fabri claimed fhaf Galileo's rule of odd numbers freafs physics as mafhemafics, 
which Fabri believed was nof possible. Dear, explaining Fabri's confenfion, 
wrifes: "The essenfial problem wifh Galileo's odd-number rule was fhaf if could 
nof be based on experience, or 'experiences,' because sensory dafa could never 
provide sufficienf precision fo guarantee if" (p. 141). Tensions befween a 
learner's personal experience and fhe branches of mafhemafics and physics 
cannof easily be dismissed especially in fhe confexf of consfrucfing mafhemafical 
models. For example, personal experience can influence perceptions of whaf is 
"concrefe" or "real" and whaf is "absfracf." Hisforically, fhis percepfion was a 
key considerafion in fhe developmenf of critical areas of modern mafhemafics 
and was based on nominalism and several views of consfrucfivism. For example, 
Sepkoski (2005) wrifes: 

Newfon's mafhemafical mefhodology, particularly in fhe Principia, has been 
much discussed by hisforians. I. B. Gohen has described whaf he calls fhe 
"Newfonian sfyle," which involves "fhe possibilify of working ouf fhe 
mafhemafical consequences of assumptions fhaf are related fo possible physical 
conditions, wifhouf having fo discuss fhe physical realify of fhose condifions af 
fhe earliesf sfages" [1980, p. 30]. This "sfyle" relied heavily on modelling nafure 
mafhemafically, buf fhe final relationship of fhose models fo physical realify 
remained a sticky issue for Newton (p. 19). Sepkoski also wrifes fhaf Sir Isaac 
Newfon "wanted a genuine correspondence befween mafhemafical models and 
nafure" (p. 19). 

Based on concerns abouf learning and teaching, if is imporfanf fo highlighf 
conflicfs fhaf may exisf for a learner immersed in fhe process of consfrucfing a 
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mathematical model. Epistemological tensions or cognitive conflicts may emerge 
among a learner's real-world experience in contextual inquiry, learning standard 
concepts in mathematics, and learning standard concepts in a realm such as 
physics (Figure 4). All three will play a role in the mathematical modelling 
process since students will not only encounter instruction in both content 
domains but will also have perceptions, based on prior experience or from fhe 
modelling process ifself fhaf may nof necessarily resemble sfandard concepfs 
faughf in eifher mafhemafics or physics. 


Standard concepts TENSION 



Standard concepts 
in science 


TENSION 


Figure 4. Tensions during the mathematical modelling process. 


Similar tensions are identified and discussed by Woolnough (2000) who 
sfates, "We would confend fhaf mosf sfudenfs, even fhose who perform well in 
mafh and physics, fail fo make subsfanfial links befween fhese confexfs, largely 
because of conflicfs befween fhe differenf belief sysfems" (p. 265). To view and 
analyse mafhemafical fhemes fhrough a consfrucfivisf "lens" and wifh regard to 
learner goals, we rely on the tensions model in Figure 4. For example, in Figure 
5, we view the results of sfudenf inferacfion and learning in fhe hypofhefical 
experimenf presenfed previously. 

How to interpret error 

Standard concepts Standard concepts 

in science 


Model should 
reflect "true" 
behaviour 

Learner experience 



Figure 5. Summary of fensions from hypofhefical experimenf. 
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Poliak (2003) states that the crucial problem related to the use of models and 
modelling in formal classrooms is how fo cormecf mafhemafics fo fhe "resf of fhe 
world." He claims: "Whaf is usually missing is fhe undersfanding of fhe original 
sifuafion, fhe process of deciding whaf fo keep and whaf fo fhrow away, and fhe 
verificafion fhaf fhe resulfs make sense in fhe real world" (p. 650). 

The researchers' goal, by examining learning fhrough mafhemafical 
modelling, is fo defermine characferisfics of episfemological fensions fhaf arise 
when feachers are immersed in a modelling process fo describe and predicf a 
physical phenomenon. Our chief concern is seeing how learners immersed in a 
modelling environmenf can make cormecfions between symbolic sfafemenfs and 
fheir apparenf physical referenf and, parficularly whaf role experimenfal error 
plays in sfrengfhening or prevenfing fhaf cormecfion. Idenfificafion and analysis 
of fhis fheme could help furfher undersfanding abouf fhe process of absfracfion 
in modelling: How can a learner make a connecfion befween experience and 
accepfed, absfracf models given considerafions based on learner experience? 

Kinematics as a Learning Context 

We examine kinemafics (fhe sfudy of motion) as a confenf domain. Kinemafics is 
considered a rich fopic for investigation as a confexf for modelling primarily for 
fhree reasons: 

1. Kinemafics provides a very nafural confexf in which fo place feachers 
and sfudenfs in a familiar acfivify. A subsfanfial amounf of research has 
been conducfed involving motion and fhe mafhemafics of change 
(Sfroup, 2002) and furfher research is needed. 

2. Kinemafics is a fundamenfal area of sfudy fhaf links mafhemafics and 
physics. Modelling experimenfs in fhis domain can fosfer fhe developmenf 
of mafhemafical concepfs such as function while af fhe same time build 
undersfanding of crifical ideas such as velocify and acceleration. 

3. Kinemafics emphasises an imporfanf aspecf of modelling and creating 
models - fhe abilify of such a model fo describe observed behavior and 
predicf fufure behaviour. 

From a mafhemafical sfandpoinf, functional reasoning (or cognifive reasoning 
involving a funcfion concepf), may involve a complemenfarify befween 
represenfafions. Offe (1994) claims: "A mafhemafical concepf, such as fhe concepf 
of funcfion, does nof exisf independenfly of fhe fofalify of ifs possible 
represenfafions, buf if is nof fo be confused wifh any such represenfafion, eifher" 
(p. 55). Furfhermore, a robusf undersfanding of funcfion, presumably, involves a 
grasp of fhree disfincf represenfafions (equafion, graph, dafa fable) and fhe 
cormecfions befween fhem (Kapuf, 1998). Kinemafics, fhrough reliance on a 
funcfion concepf fo model motion, provides an opporfunify fo examine fhe 
possible fensions presenf when learners rely on funcfion represenfafions and 
affempf fo make cormecfions befween fhem during fhe modelling process. 
Furfhermore, kinemafics emphasises an imporfanf aspecf of modelling and 
creafing models-fhe abilify of such a model fo describe observed behaviour and 
predicf fufure behaviour. 
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Critical Concepts in Kinematics 

Our initial research question (Carrejo, 2004) concerned the depths of 
understanding that in-service physical science teachers have of two fundamenfal 
equations relafed fo kinemafics and how fhaf undersfanding evolves during 
modelling acfivifies. More specifically, fhe researchers wished fo probe 
parficipanf undersfanding of fhe formulas describing: (a) uniform motion 
(consfanf velocify or zero acceleration) and (b) uniformly accelerating motion 
(consfanfly changing velocify or consfanf accelerafion). The firsf formula can be 
discussed and represenfed (in a mafhemafical sense) as a linear relationship 
befween fwo variables, namely, position (p) and time (f). The latter formula can 
be represenfed as a quadratic relafionship between the same two variables. 
Given an understanding (in a physical sense) of position, fime, velocify, and 
accelerafion, parficipanfs' mafhemafical background knowledge would allow 
fhem fo see how fhese perfinenf concepfs could be relafed via fhe formulas 
involving sfandard mafhemafical symbols. 

a) pit) = vt + pg 

b) p(f) =iflP + i;of + Po 

where v is fhe average velocify, Vg is fhe velocify af f = 0 and Pq is fhe position af 
f = 0 

These formulas are parf of fhe sfandard physics curriculum. In many cases, 
fhe formulas are written wifhouf fhe funcfion nofafion, fhaf is using p rafher fhan 
p(f). Furfhermore, fhese mafhemafical equations (or functions) are fypically 
infroduced fhrough direcf insfrucfion, wifh derivafions requiring algebraic 
manipulafion. This is especially frue for equation (b) where, arguably, learners 
may nof have an infuifive undersfanding of cerfain feafures of fhe equation such 
as 2 arid F. Learner undersfanding usually resfs on more procedure-driven 
exercises wifh fhe equafions. A-priori knowledge of linear and quadrafic 
equations, as well as average velocify and insfanfaneous velocify (key calculus 
concepfs) and/or geomefric sfrucfures, are often used fo justify fhe equafions in 
formal ways, yef fhe relevance of fhe equafions fo learner experience could often 
be overlooked. 

Equation (a) may be familiar fo sfudenfs from prior insfrucfion, alfhough if 
is likely fo have been in fhe form of disfance = rafe x fime, which does nof 
consider fhe possibilify of a non-zero initial position. Mosf sfudenfs will have 
used fhe concepf of average velocify (albeif perhaps unconsciously) fo calculafe 
how long if would fake fo fravel a given disfance by car given an average speed, 
or whaf fhe average speed was given a disfance and a fime of fravel. There is a 
subfle difference befween fhis familiar average velocify consfrucf and fhe one in 
equation (a) in fhaf fhe disfance is replaced by a difference in posifions. In 
moving fo equafion (b), even more complex mafhemafical manipulations 
obscure fhe connecfion fo fhe average velocify. Mosf sfudenfs fail fo see how fhe 
second equafion relafes fo fhaf fundamenfal, and generally familiar if nof 
infuifive, consfrucf. 
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Setting 


Method 


The study took place in the context of a 14-week semester course in physics 
designed for preservice feachers. The physics course was offered during fhe fall 
ferm af a universify in Texas. The course was faughf by fhe universify professor 
using fhe circuif and opfics unifs from Physics by InquiryTM (McDermoff, 1996) 
as well as a kinematics unif, developed independenfly and infroduced separafely 
from fhe Physics by Inquiry approach fo fhe same topic. 

Parficipanfs enrolled in fhe course sfudied kinemafics for a five-week period 
scheduled near fhe end of fhe course. Class meetings were fwo days per week, 
and parficipanfs mef for a minimum of fhree hours each week wifhin fhe fwo- 
day period. The course was designed fo serve as a relevanf domain (or confenf) 
course for universify sfudenfs seeking careers in mafhemafics and science 
education. The fundamenfal goals of fhe course as ouflined for parficipanfs in fhe 
course syllabus included fhe following: 

• Developing a deeper concepfual undersfanding of fargefed physical 
science concepfs and creafing a coherenf concepfual model of fhe 
concepfs, 

• Experiencing physics confenf fhrough a process of guided inquiry and 
developing an undersfanding of how fhe process of inquiry inferacfs 
wifh sfudenf learning, 

• Developing an undersfanding of whaf is meanf by pedagogical confenf 
knowledge, and 

• Becoming familiar wifh pofenfial difficulfies experienced by sfudenfs in 
learning parficular topics in physical science, and fhe effecfiveness of 
various modes of feaching and learning fo overcome such difficulfies. 


Participants 

Fifteen prospective feachers, five graduafe (masfers sfudenfs) and fen 
undergraduafe (sfandard four-year college sfudenfs seeking a bachelor degree), 
enrolled in fhe physics course. Majors (disciplines) varied wifhin fhe group as 
shown in Table 2. 

All mafhemafics and science education majors were graduafe sfudenfs. One 
of fhe science educafion graduafe sfudenfs held a masfers degree in physics. Of 
fhe remaining fen undergraduafe sfudenfs, one was a senior (fourfh year), five 
were juniors (fhird year), and four were sophomores (second year). Six of fhe 
fifteen sfudenfs enrolled held teacher certification. 


Design 

Physics by Inquiry provides modules in kinemafics fhaf involve some laborafory 
experimenfs wifh acfivifies such as rolling a ball on a frack and observing a fan 
belf attached fo fwo pulleys. However, fhese experimenfs do nof involve 
collection and analysis of real-time dafa as an infegral parf of fhe consfrucfion of 
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the mathematical models for motion. Quantitative descriptions of posifion and 
fime are only briefly discussed while more emphasis is placed on qualifafive 
graphing (posifion-fime and velocify-fime graphs). Furfhermore, fhe 
experimenfs can more apfly be described as demonsfrafions fhaf are followed 
immediafely by infroducfion of formal (symbolic) mafhemafics, including 
precise definifions (e.g., insfanfaneous velocify) and procedures (e.g., finding fhe 
area under a graph). In fhese modules, fhe learner is given more guidance 
fhrough fhe experimenfs, which require direcf insfrucfion from fhe facilifafor or 
feacher. There is less emphasis on an inquiry process fhaf mighf allow a learner 
fo formulafe his or her own mafhemafical models of fhe physical phenomena. 

Table 2 


Subject Majors of Participants in the Study 


Major / Discipline 

Number of Parficipanfs 

Mafhemafics Education 

1 

Science Educafion 

4 

Biology 

1 

Biology (educafion concenfrafion) 

1 

Chemisfry (educafion concenfrafion) 

1 

Mafhemafics 

1 

Governmenf 

1 

Elemenfary Educafion 

5 


In a pilof sfudy (Carrejo, 2004) conducfed fhe previous summer wifh in- 
service feachers, fhe universify professor and a Masfer Teacher developed a 
kinemafics unif based on acfivifies fhaf fhe researcher had used in college physics 
courses for preservice feachers and fhaf fhe Masfer Teacher had used for 
Advanced Placemenf Physics classes. This unif presenfed a classroom 
environmenf for sfudying mafhemafical modelling from a consfrucfivisf poinf of 
view. Building on fhe assumption fhaf fhe feachers' prior knowledge mighf 
include only a procedural undersfanding of fhe equations, fhe primary goal of 
fhe implemenfafion was fo facilifafe a more concepfual undersfanding of bofh 
equations (a) and (b). 

The kinemafics unif facilifafed a classroom environmenf for sfudying 
mafhemafical modelling fhrough fhe fensions lens. The primary goal of fhe 
implemenfafion focused on fhe consfrucfion of feasible mafhemafical models 
regardless of fheir resemblance (exacf or nof) fo fhe sfandard equations. The 
universify professor and fhe researcher came fo fhe conclusion fhaf learners from 
fhe pilof sfudy possessed sound mafhemafical consfrucfs and beliefs abouf 
mafhemafical models, buf fhaf an evidenf conflicf exisfed befween feachers' prior 
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knowledge of the standard linear and quadratic models and their constructed 
mathematical models. The professor and the researcher felt confident to use the 
same approach to modelling in the present study in order to explore the conflict 
further. Participants were allowed to examine, modify, and re-examine their own 
models rather than rely on direct instruction techniques to learn the standard 
models and develop some, if not necessarily full, conceptual understanding. By 
having participants focus on their own models, we hoped to identify possible 
sources of conflict between formal models and a real-world phenomenon. 

Procedure 

The key activities and their objectives resembled those of the pilot study and are 
shown in Table 3. The preservice teachers worked in groups of two to four 
members for all activities. Group presentations were required and became the 
focus of whole class discussions. The course took place in a classroom laboratory 
equipped with various tools and instruments at the preservice teachers' disposal. 
Special requests for equipment were considered. At the end of activities three 
and five, participants worked through problem sets consisting of more "standard" 
problems based on their experiments. Supplementary problems involved the 
presentation of similar phenomenon (contexts) and discrete, tabular data, which 
participants were asked to analyse. Participant's engagement with these problems 
(both in small and whole group meetings) provided further opportunities for the 
researcher to analyse and understand their thinking about mathematical 
modelling and the t 5 q)e of phenomenon they studied in their experiments. 

Data Collection 

Data collection t 5 q)ically involved whole class and group observations. All 
sessions were videotaped extensively. Qualitative notes, including researcher 
reflections, were compiled from this analysis. Classroom artifacts, including 
representations from individual groups, as well as representations created from 
whole class discussions were kept and analysed. Participants were interviewed 
individually upon their completion of the unit. The interview relied on an 
instrument developed by the researcher. The main goal of the instrument was to 
probe participants' perceptions of the modelling process they encountered in the 
course as well as their mathematical conceptions of working with a data set. All 
questions on the instrument were within the context of modelling motion. All 
interviews were recorded using a hand-held tape recorder and were transcribed. 
Artifacts created during the interviewing process were also included in the data 
analysis. 

Data Analysis 

Originally conceived by Glaser and Strauss (1967) for social research, a grounded 
theory approach to qualitative research is similar to other types of qualitative 
research in that a general area of interest is determined, followed by the 
formation of a question that is both credible and relevant to the researcher. Mann 



58 


Canejo & Marshall 


(1993) states that grounded theory is a research approach whose goal "is to 
transform the experiences of one seffing info a model fhaf accurafely reflecfs fhaf 
setting" and yef "be general enough fo apply fo a range of sifuafions in fhe 
confexf" (p. 134) (fhe confexf in fhis case being a classroom seffing). Furfhermore, 
a grounded fheory approach does nof require a significanf change in fhe seffing 
fo "frigger a sfudy" (p. 134). Dafa can be collecfed from fhe normal flow of 
acfivify in fhe classroom while sfill leaving room for fhe possibilify of making 
slighf changes in fhe direcfion of fhe research based on classroom oufcomes. 

Table 3 


Key Activities for Kinematics Unit 


Acfivify 

Objecfives 

Describing motion 

Invenf and describe a mofion for an objecf. Creafe a 
descripfion of fhe mofion fhaf is defailed enough so 
fhaf anofher group could reproduce fhe mofion 
exacfly. Identify fhe imporfanf elemenfs of a 
complefe descripfion. 

Measuring consfanf 
velocify 

Each group musf suggesf a procedure for describing 
and predicfing whaf fhey consider fo be consfanf 
mofion. 

Developing a 
mafhemafical model 
for consfanf velocify 

The insfrucfor facilifafes class discussion on fhe 
proposed ideas and fhe class defermines a common 
(sfandard) procedure. 

Accelerafion wifh a 
spark fimer 

Use a spark fimer, a ramp, and a carf fo gafher 
posifion-fime dafa for accelerafed mofion. Each 
group musf suggesf a procedure for describing and 
predicfing whaf fhey consider fo be "changing" 
mofion, i.e., mofion in which fhe velocify was nof 
consfanf. 

Developing a 
mafhemafical model 
for accelerafed mofion 

The insfrucfor facilifafes class discussion on fhe 
proposed ideas and fhe class defermines a common 
(sfandard) procedure. 


The researchers ufilised a grounded fheory approach similar fo fhaf 
described by Cobb, Sfephan, McClain, and Gravemeijer (2001) in fheir analysis of 
franscripfs from classroom mafhemafical pracfices. The firsf phase of analysis 
involved examining fhe video and franscripfs chronologically fo identify 
episodes. An episode was characferised as a segmenf in which a mafhemafical 
fheme (or perhaps fhemes) is (are) fhe focus of acfivify and discourse (p. 128). 
Observations and conjecfures were developed abouf reasoning and fhe confexf in 
which fhe reasoning fakes place. As described by Cobb ef al. (2001), "fhe resulf of 
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this first phase of fhe analysis is a chain of conjecfures, refufafions, and revisions 
fhaf is grounded in fhe defails of the specific episodes" (p. 128). 

In grounded fheory three types of coding are typically involved in data analysis: 

• Open coding (creating categories for dafa), 

• Axial coding (using open codes and researchers' cafalogue of dafa fo 
determine characteristics or dimensions of cafegories and creafe a core 
cafegory or cafegories), 

• Selective coding (dafa collection and analysis focuses on fhe core 
cafegory and supporfing cafegories). 

Represenfafive episodes for the study are presented in the Results section. 
Through open and axial coding, patterns in thinking as well as emerging 
mathematical constructs were identified fhroughouf fhe implemenfafion of fhe 
kinemafics unif. Selective coding of fhe results will benefit the researchers for 
furfher sfudy. Given fhe creation of core cafegories from fhis sfudy, we will 
affempf fo identify fhese cafegories wifh ofher learners in differenf environmenfs 
who are involved in fhe same implemenfafion of fhe unif. For this study, the key 
episodes need not be interpreted as isolated incidents to support certain claims; 
rather, they highlight the emergent patterns and constructs that are reflected 
throughout the data and reflect thinking throughout the modelling process. 

The approach to coding data in these studies fits well with constructivist 
views on learning whereby learners rely on prior knowledge or what pre- 
conceptions they may have regarding certain phenomena. The focus is on fhe 
learners' consfrucfion of ideas, rafher fhan fheir affainmenf of esfablished ways of 
fhinking. Learners in general, as wifh fhe parficipanfs in fhis study, have time and 
space to make sense of fheir experiences. In fhis sense, fhe "core" of a groimded 
fheory will remain fhe same across classroom settings while approaches fo dafa 
collection and interpretation will reasonably change not only to reflect the setting 
but also be useful enough fo apply fo other classroom settings. 

One other important aspect of grounded fheory fhaf guided fhe analysis is 
fheorefical sensifivify (Glaser, 1978). Taber (2000) defines fheoretical sensifivify as 
commencing research "wifh an open mind, so fhaf observations are coloured as 
little as possible by expecfafions based on existing fheories" (p. 470). For fhese 
sfudies, a consfrucfivisf lens supporfs fhe necessary fheorefical sensifivify. The 
researchers understand that student construction of knowledge involves more 
fhan direcf insfrucfion and memorisafion of facfs (Von Glasers f eld, 2001). 
Furfhermore, an understanding of a "voice and perspecfive" paradigm (Gonfrey, 
1998) plays a crucial role in inferprefing and undersfanding sfudenfs' scientific 
and mathemafical views. Voice refers fo a sfudenf's arficulafion of a model fhaf 
may be operating in his /her mind. An observer recognising and acknowledging 
fhis arficulafion makes an inferprefafion based on his/her own perspecfive. 
Inferacfions wifh sfudenfs in fhis way allow an observer fo "refhink" 
mafhemafical confenf and place value on fhe realisafion fhaf the observer 
(teacher or researcher) is also a learner. By utilising this paradigm, a researcher 
becomes more "theoretically sensitive" to the study being imdertaken without bias 
and without neglecting emerging categories or themes that are creating a story. 
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Results 

In the pilot study, after using open and axial coding schemes based on the 
grounded theory approach, the researchers then developed the tensions 
framework shown in Figure 4. The framework became a "lens" or a means of 
looking af fhe main fhemes or topics discussed by parficipanfs and fhe learning 
processes involved. We were able fo ask: "Whaf tensions exisf and why?" In fhe 
nexf phase of fhe invesfigafion, fhe presenf sfudy, fhese characferisfics (codes) 
became fhe focus of selecfive coding and became highly relevanf for fhe 
researcher examining possible fensions fhaf learners confronf when relafing 
physical experience fo a mafhemafical model. Alfhough code names remained 
fhe same from sfudy fo sfudy, two code descriptions altered slightly to reveal 
more dimensions of a parficular code based on fhe qualifafive dafa. 

• Posifion - Considering fhe "locafion" of an objecf in motion wifh more 
consideration given fo fhoughfs abouf fhe inifial posifion of fhe objecf. 

• Scale - Considering fhe size of an inferval on a coordinate axis. Involved 
in such considerations are "finer scales" and interpolating dafa. 

• Average - Considering some sorf of sfafisfical or numerical average of 
dafa poinfs when calculafing velocify over an inferval. 

In summary, fhe researchers hoped fo ufilise fhese codes fo develop a grounded 
fheory or be able fo idenfify a core fheme fhaf emerged from fhe analysis. The 
researcher concenfrafed on fhese codes when fhe unif was implemented again, 
over a more prolonged period of fime and bearing some modifications based on 
fhe firsf implemenfafion. 

Upon choosing a motion fo create, parficipanfs were fo perform fheir 
experimenf, jusfify fhaf fhe motion created was consfanf, and predicf where fhe 
objecf would be one, five, and fen seconds after fhe observed motion stopped 
(assuming fhaf fhe motion would continue indefinitely). Table 4 summarises fhe 
mofions created by fhe parficipanfs. 

Table 4 


Motions Performed and Considered Constant by Participants 


Motion Experimenf 

Number of Parficipanfs 

Describing /predicf ing fhe mofion of a mefronome 

2 

Rolling a wooden ball in a round lid 

1 

Walking af a sfeady pace 

3 

Rolling a bowling ball down fhe hallway 

4 

Rolling a small wooden ball down fhe hallway 

2 

Moving a book in fronf of a mofion defecfor 

2 

Describing/ predicting a fixed pendulum swing 

1 
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Students performed their experiments in separate groups, collected data on 
their experiment and analysed them. They were required to present the motion 
experiment, the experiment data, and the procedure for answering fhe predicfion 
question fo fhe class during fhe following meeting period. Table 5 highlighfs major 
areas of concern for parficipanfs as fhey presenfed and discussed fheir mofions. 

Table 5 

Student Concerns about Motions Performed and Considered Constant 
Motion Experimenf Concern(s) 

Describing/ predicfing fhe Direcfion reversals, perceived by some fo 
motion of a mefronome include a slighf pause in fhe motion, do nof 

allow for motion fo be described as consfanf. 

Whaf's happening in-befween swings 
(or in-befween fhe fime inferval of inferesf) 
is nof consfanf. 

An average fime may or may nof be good 
enough fo use fo describe and predicf a 
consfanf motion or find a general procedure 
for finding an absolufe posifion. 

Besf fo ignore mofion variafion befween fime 
rnfervals (e.g., swinging of arms, "jerky" mofion). 
Friction, affecting fhe ball's posifion over fime, 
is a physical consideration fhaf may or may 
nof be resolved by calculating average velocify. 

If acfual calculafions are nof mafching 
fheorefical values, fhen fhe mofion is nof 
consfanf. 

Calculating a velocify over longer disfance 
and longer fime inferval makes more sense. 

Larger fime infervals are beffer for describing 
and predicfing mofion because physical 
insfances over larger fime periods make more 
sense. 

Whaf's happening in-befween fime infervals 
may or may nof be consfanf. 

An infinife number of fime infervals may be 
used fo beffer describe a consfanf mofion. 

Describing/ predicfing Despife variafion, fime values are close enough 

a fixed pendulum swing fo each ofher fo pick one of fhe values fhaf 

represenfs fhe "correcf" fime. 


Rolling a wooden ball 
in a round lid 

Walking af a sfeady pace 
Rolling a bowling ball 


Rolling a small wooden ball 


Moving a book in fronf 
of a mofion defecfor 
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Following participant presentations, the university professor wanted the 
class to reach a consensus about how to determine whether or not a motion is 
constant. The class agreed that for describing and predicfing consfanf mofion, 
using fhe equafion d = rt seemed a feasible approach. Some parficipanfs argued 
fhaf r musf be fhe same for any (arbifrarily small) time inferval, buf ofhers argued 
fhaf only fhe fofal disfance and fhe time of fravel were perfinenf, despife 
variafions wifhin fhe inferval. Calculafing fhe rafe (fhe value of r) remained an 
open issue. Experience wifh variation in dafa influenced parficipanfs' fhinking 
abouf fhe besf rafe fo use when describing and predicfing mofion. More 
specifically, conflicfing beliefs abouf using an average rafe, a rafe based on 
average measuremenfs, or a "good enough" rafe, influenced fheir consfrucfion of 
a mafhemafical model. Their beliefs were furfher fesfed when presenfed wifh 
more formal physics quesfions regarding consfanf velocify and involving dafa 
fables. Relying on d = rt as fheir agreed upon mafhemafical model, parficipanfs, 
working in groups, approached each problem and presenfed fheir resulfs fo fhe 
class. Presenfafion and discussion of fhree critical episodes exemplify fhe 
influence fhe core cafegories of "scale", "averaging dafa", and "(inifial) position" 
had on parficipanfs' mafhemafical modelling of uniform mofion. Underlying fhe 
influence of fhe core cafegories were parficipanfs' percepfions of whaf is "good 
enough" fo use for a rafe when consfrucfing a mafhemafical model fo describe 
mofion - fheir direcf encounfer wifh fhe fheme of "error" and how fo resolve if. 

Representative Episodes 

Three represenfafive episodes are presenfed along wifh inferprefafion and 
discussion of each episode. One purpose in presenting fhese dafa is fo provide a 
sfrong indication of fhe scope of analysis. Furfhermore, fhe episodes along wifh 
supporfing discussion highlighf fhe open cafegories assigned fo fhe full sef of 
dafa and fhe open cafegories' relafionship fo each ofher as indicafed by axial 
coding and defermined core cafegories. 

Episode 1. The firsf episode involves a simple experimenf where prospecfive 
feachers examined fhe mofion of a bowling ball rolling down a hallway. As fhe 
ball rolled, group members hacked ifs position over fime using mefre sticks and 
sfopwafches. For each given momenf in fime, fhe members associafe a measured 
position from an accepfed sfarfing poinf. Sfephen explained fhe sef up of fhe chair 
and fhe ramp and how fhe bowling ball is 30 cenfimefres up fhe ramp as follows: 

Stephen: What we did is when we first started, our start point was where the 
ball first initially touched the ground and we would start the timers. 

And we had metre sticks lined up all along the hall there. The timer 
would start [at the bottom of the ramp] and then at an arbitrary point, 
say 200 centimetres, we would say "stop" and the timer would be 
stopped. We repeated this numerous times. We took each distance. ..so, 
say we did 200 centimetres... divided by each time. So distance divided 
by time would give us a rate that the ball was rolling, was moving 
along. What we found was.. .if we did this at 200 centimetres. ..it didn't 
apply... we would get a different rate out here at 400 centimetres. 
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John; We were getting ... so if the average speed is the slope of this line, we 
were getting the average speed slowing down as it went farther. And 
our first concern was that what we were looking at was rolling friction 
- that the further the bowling ball went the more it would slow down. 

John drew a graph on the board to answer this question (Figure 7). He made the 
marks arbitrary (not related to the actual data) but he was merely trying to prove 
his point. Stephen continued the presentation. 

Stephen: We went to 800 centimetres and we got a rate. Then we compared it 
to 900 centimetres and we got a rate and those rates were equal. So in 
actuality... If the ball was rolling at a constant rate that we initially 
measured this is what the graph should look like. [Stephen draws a 
straight line graph (almost y = x) and uses the same axis labels as 
John.] That's without friction, without anything. We would always 
get the same rate. And what we were finding was insfead of getting 
a linear graph like that we were getting something that was leveling 
off [He draws a curve like John's]. And so we thought maybe friction 
was really coming into play down here, slowing down the ball, 
slowing down its rate of speed. 

The group then explained how they conducted more trials at 600 centimetres 
away and at 1000 centimetres. At the end of "numerous trials", they felt they 
were able to get the same rate. 

Jimmy: Of course there was some tape standing right here. We stuck some 

tape up so we could tell when the ball... we wouldn't measure where 
the edge of the ball passed the point but where the bowling ball was 
actually touching the ground, so there's both of us [he and John] 
standing there and we kind of had to guess when it crossed, but we 
were getting pretty close. 

Professor: Whaf do you mean by pretty close? 

Jimmy: Well, within 5/lOOths or so? 



Figure 7. Jolm's graph. 



64 


Canejo & Marshall 


John: Yeah, 5/1 OOths . 

Jimmy: And that's as fast as you could like start and stop a watch on your own. 


Professor: So you figure if the numbers are the same to within the amount of 
time it takes you to start and stop the watch then you're going to say 
that that's ... you're getting a constant rate? 

Jimmy: Well, if somebody else tries to duplicate this, it depends on when 

they stop it, too. 

In actuality, the group determined two different rates, but ones they felt were 
"pretty close": 135.3 cm/s and 135.0 cm/s. The professor asked fhe class whaf 
fhey fhoughf abouf fhese resulfs. 

Dave: Especially when you're doing it by hand with the time and the fact 

that you all had said, yes, there's friction that is gonna slow this ball 
down. 

Stephen: I think what we did to get away from the friction was use a heavier 
ball. You see it come into play a lot less from what we observed to the 
10 metre mark. It came into play a lot less. If we had lef the ball go 20 
metres we would have seen probably a lot more friction come into 
play. But using something that's very dense and very heavy we 
didn't notice it as much. 

Jimmy: Oh, we used the 135.0. 

Professor: Why did you use fhat one instead of the 135.3. 

Jimmy: 'Cause when it travels this far it seems a little more accurate. 

Dave: Is there really any difference in accuracy? 

Jimmy: I think the longer away, the more accurate it would be. 

Dave: But he [Stephen] even said that if you had gone out to 20 metres that 

would have been a lot less accurate. So, why is the longer one more 
accurate in this case? 

Stephen: I think if you try and differentiate between the 135.3 and the 135.0 
with our model, you really can't differentiate between the two 
because we have sources of error in there - the stopping. And the 
thing is that they were starting at the starting point; both of the timers 
were starting at the starting point. I was telling them when to stop so 
I had inaccuracy also come into play when I had to judge when the 
centre of fhe ball would pass the stop point. Then they would have 
to re-click. The two numbers are never going to be exactly the same. 

The professor asked Veronica fo wrife fheir procedure for finding fhe posifion of 
fhe ball t seconds affer fheir observed motion slopped. The class suggesfed fhaf 
Veronica should use 135.15. 


Professor: Would that be better and why would it be better? 
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Lee: It's an average. 

Dave: It's just an average of the two numbers you use. 

Stephen: But those numbers themselves are averages. 

Lee: Well, average some averages and it'll be even closer. 

John: I think it would make things worse, actually. I don't think we should 

use that. 

Veronica. It applies [to] something that wasn't really smooth [the roll?]. 
Stephen: If we could generalise it, it would be better. 

Elizabeth: Okay, use the 135.3. 

John: No, 135. 


Veronica wrote t = 135 x d. It is interesting to note the non-issue of the starting 
point here. The formal equation could indicate a starting point of 0, although the 
reference they had was two metres from the end of the ramp. Over time, a 
consensus for a final answer is difficult to achieve. The participants claimed the 
motion was not linear, but wanted to come to a consensus on how they would 
justify such a claim, attempting to make a "fit" with a standard linear model, 
since they recognised that experimental error is involved. 

Episode 2. The second episode involves two consecutive presentations from 
prospective teachers (in groups of two) after working on a problem given to them 
on a worksheet: 


Some students are studying the motion of a bowling ball rolling down a lane af 
the bowling alley. A student with a stopwatch is positioned at the start of fhe 
lane, and every two metres after that. Each student stops her watch as the ball 
passes her. They want to predict how long it will take the ball to reach the pins, 
1 metre beyond the last student. Explain how you would help them figure fhis 
ouf, firsf in words, and then with an equation. Explain why the equation is the 
right equation to use. 


Student 1 0.27 s 

Student 2 0.75 s 

Student 3 1.25 s 

Student 4 1.77 s 

Student 5 2.25 s 

Student 6 2.74 s 

Student 7 3.25 s 

Student 8 3.76 s 

Student 9 4.24 s 

Student 10 4.75 s 


Students encountering this problem held discussions related to average, scale, 
and starting position of the object - originally open codes in the data set that 
were determined to be dimensions of the larger, core theme of "error". The first 
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group presented its ideas on how to solve the problem. They tried two 
approaches because they did not know which would be more accurate. The first 
was to take the time difference between each student, sum the differences and 
divide by 9 fo gef an average fime between each sfudenf. Bofh group members 
agreed on an average fime value of .4977 seconds when using fhis approach. The 
associafed rafe, fhus, became 4.0184 mefres per second. Using fhis rafe, bofh 
members obfained a value of 5.22 seconds as fhe final answer fo fhe quesfion. 
Affer checking fheir procedure using fheir calculafed rafe fo obfain ofher known 
values in fhe fable, fhey encounfered whaf fhey called "discrepancies:" 

Lee: So there's kind of.. .we were like, 'Maybe, this isn't the right way to 

go.' So the other way we tried was taking student lO's measurement 
of 4.75 seconds and subtracting that from student one's and 
finding... that gave us 4.48. So, then we divided that by 20 and we 
came up with a rate of 4.46 [meaning 4.46 = 20 m/4.48]. Then using 
that rate, our time we came up with 4.708. That doesn't make sense 
because student 10 is set at 4.75 seconds. 

Linda: But, using the average, like, there was too far of a distance. It was like 

over a 1 second. ..no. ..it was like a 1 second distance, wasn't it? 

Professor: So, what do you mean? 

Lee: Like coming up with this 5.22, it's saying that it took whatever the 

difference between 5.22 and 4.75 seconds for it to go one metre. 
Which doesn't make sense to us because on the other ones, the 
differences, it took 2 metres in a half second. It went two metres in a 
half second. We're kind of lost. 

Professor: So, you're still not happy with your.... 

Lee: Not happy with either way we went because we found 

discrepancies. 

Following Lee and Linda's presenfafion, fhe nexf group of parficipanfs 
encounfered a similar sifuafion calculafing average, yef fhey were explicif in 
cormecfing fhe calculation of average fo initial position. They compared fheir 
procedure fo fhe previous group's procedure by sfafing fhere was a discrepancy 
in choice of sfarfing pornf. Sfephen's group decided fhaf sfudenf one is "af pornf 0." 

Stephen: So you can do this two ways. You can throw out student one's 
number or you can keep it and say between student one and student 
two you have approximately .5 seconds. Then in between student 
two and student three there's .5 seconds. The distance the ball 
travelled is the same for each, so it's approximately... the numbers 
aren't exact, but it's approximately 4.02 metres per second. And 
that's what they [Linda and Lee] got the first time. 

Lee: 4.0184. Yeah, same thing. 

Stephen and Veronica continued their presentation by outlining their second 
method of calculating the final answer and the viability of another approach. 
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Stephen: They're about the same thing. We went back and we saw if you took 
the initial time, which is .27, and the final time, 4.75, and then the 
distance in between those, you get the same exact thing. Well, it's a 
4.0187. But the thing is. ..for each student getting a different time and 
a rate between each student is different.... like, between student one 
and student two, we got a rate of 4 metres per second. Between 
student three and student four I've gof a rate of 3.85 metres per 
second. So, that's a big difference. But the thing is we're talking 
students hitting stopwatches and we're talking about a bowling ball 
that has no internal, like, motor or anything. So, we're assuming 
acceleration is zero. We can assume that this velocity, or this speed, is 
the same. So 19 metres divided by 4.02 metres per second, we.. .gives 
you 4.72 seconds, but you have to also take into account the first 
student's time, .27 seconds. We got 4.99 seconds on a stopwatch, if 
you sfopped if at the 19-metre mark. 

Linda: We just didn't think that ours was very, like, accurate. 

Stephen: But I think you gotta look at where your data's coming from. Ours is 
coming from a lot of uncerfainty. So, if we were gonna do a 
prediction it's only gonna be an estimation. 

Lee: Well, doing it either way is gets us within .03, .04, give or take, plus 

or minus. 

Observing both methods, Lee wondered which procedure was most beneficial. 
Students showed differing opinions about this as exemplified in the following 
vignette. 

Lee: You know how we did it both ways, like, taking the average between 

each second? Then taking like just from fhe end fo fhe beginning? 

Well, we're wondering which way you think could be more accurate. 
Because, like taking from the beginning to the end just kind of auto 
corrects that average, y'know 'cause the students, as we've seen 
through the numbers. ..like one stops a little sooner, one a little later... 

Stephen: 1 think with a lot more data points...! think by doing the average in- 
between would end up canceling out the error. If you think ...Okay, 
student one to student two to student three.. .student one stops his 
stopwatch early which means the rate between him or.... student one 
to student two to student three.. .student two stops his stopwatch 
early which means the rate between student one to student two is 
going to be small. But, the rate between student two and student 
three is already now larger. So, it's adding out. They're canceling 
each other out. 

Dave: I like looking at each one of fhe intervals. I mean as long as we have 

these intervals, we might as well look at 'em. And not take the big 
leap from student one to student ten. If you gof the data, look at it. 


Adrian: Might as well use it. 
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Professor: So you look at it, and we've seen some variation. 

Adrian: Slight. 

Dave: That's what averages are for. Well, that's not all. You have to define 

your acceptable losses. 

Neither Dave nor other members of the class explained what "acceptable losses" 
implied or how to resolve the issue of using an average over a finife number of 
poinfs or an undefermined, larger number of poinfs. 

Episode 3. The fhird and final episode came from a class period in which fhe 
universify professor reviewed whaf fhe class had decided upon as a procedure 
(or model) fo describe and predicf consfanf mofion. Paul poinfed ouf fhaf 
calculafing fhe rafe or velocify should be done by inferval (e.g., a final position 
minus an inifial position divided by fofal fime for each fime period). The 
professor poinfed ouf fhaf fhere are fwo cases in her mind based on whaf fhe 
class did: where fhe change in positions befween infervals is exacf (as shown in 
some of fhe problems on fhe handouf) and where fhe change is nof exacf, buf 
includes error (as shown in fhe class experimenfs). Sfephen believed fhaf Paul's 
mefhod of rafe was sfill valid fo use despife error and variafion in fhe dafa. He 
believed if fo be a good procedure fhaf could come close fo modelling a "perfecf" 
experimenf. 

Stephen: If our equipment was perfect and our timing was perfect, and if our 
measurements were perfect, I think we would boil it down to 
something like that. Say the bowling ball goes ten metres. We can 
find the distance versus time from 2 to 4 metres and divide that by 
time. That should be the same rate if we did it from 6 to 8 metres and 
divided it by that time also. 

Lee: Yeah, if it's truly constant you don't have to worry about the time in 

between, like, all that's important is the final and the initial. 

Based on this argument, the question asked of the class was: How do you judge 
a motion to be "truly constant?" 

Stephen: So this is like defining constant motion? 

John: Is the question what do you do when you have constant motion or 

how do you know you have constant motion? 

This brief exchange highlighted a tension between the mathematics and science 
realms. One may argue that someone may see a distinction between the model as 
descriptive (or as a representation) and the model as a calculational tool. Paul 
argued that the "average of a sum" is the same as "the sum of the averages." The 
professor disagreed because what happens in each of the intervals may not be the 
same. She brought up the bowling ball example where the roll is much faster at 
the begirming. Paul disagreed although the professor believed it depended on 
how you measure time intervals. 
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Dave: Adding up all the little averages is the same thing as taking one big 

average. You're adding up to the same thing. 

Paul: Because if one has a larger velocity then the next time interval will 

have a smaller one. 

John: But in the bowling ball example that we worked in class last time, 

what you were looking at was not the actual speed, but a lot of what 
seemed to be like a lot of error in the way the stopwatches were going 
and if you just looked at the last guy, and the last guy was very bad 
with the stopwatch, he would throw off the whole. So, in that 
example, you're better off looking at all the intervals. 

Professor: But what Paul is saying is if you include that last interval, you've got 
that bad set of data for the last interval, too, and it's going to drag 
down your whole average. 

John: Yeah, but it doesn't have the whole weight. It doesn't have the same 

weight as... 

Professor: I think it depends upon how your data are sampled. 

John: I have to think about that. 

The professor asked: "When is it good to rely on Paul's method and when is it 
good to rely on Lee's method (averaging)?" Lee felt that if there was no pattern 
in the data, you must rule out constant motion. The professor reminded them 
that they did not rule out constant motion with the bowling ball experiment 
despite variation in the data. However, Lee said that's all they had to perform 
calculations and that it was extremely hard to find constant motion in any of the 
experiments because of other factors. However, the professor reminded them 
they had discussions of "good enough" regarding other constant motion 
experiments such as the ball rolling along the rim of a lid. 

Dave: Is that change in there really significant? How do you look at your 

data and say, 'Well, this is a significant difference or not?' compared 
to those students who are each two metres apart (referring to the 
worksheet problem), but I guarantee you they're not two metres 
apart. They may be 2.004 or 2.02 metres apart, but the problem 
doesn't care about that small difference. So, if that's already your 
limiting factor, saying that you're exactly two metres apart... if that's 
a limiting factor, then your rate should also only be looked at to that 
limiting factor. Like, if it's 4.282 versus 4.284, well that little 
difference doesn't compare to the thing that is not looked at with the 
2 metres apart. So, that's when we can tell, 'Is there a pattern or not?' 

'Is this constant or not?' 

Lee: But that's compoimded by the fact that people are sitting there trying 

to stop it as close as they can. 

Dave: But then there's always. ..you can't always do that either. You can't 

say, 'This is 2. This one's 6. I'm just gonna call that 4.' There's gotta 
be some way to limit that as well. 
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Stephen: If you knew a theoretical, what the speed should be, then you can 
compare it using statistical analysis. 

Dave: If this is just a problem, you don't waima say, 'I've got this data that 

already has what... I already have the answer.' That's not what 
physics ... we don't want to find an answer we already know. 

Summary. In summary, all episodes helped support a conjecture with regard to 
average, scale, and, to a lesser degree, initial position. Figure 8 outlines the 
tensions more fully and provides a more concrete view that average and scale 
were more prominent issues than initial position. Therefore, selecfive coding 
proved fruifful in identifying similar fensions seen in the pilot study. 

Participants working with the constant motion problem(s) encountered 
these tensions and attempted to resolve them. Examining all learners' modelling 
processes through the tensions lens resulted in the emergence of a critical fheme: 
Construction of a model that is "good enough" based on human and 
experimental error and what the definition of "good enough" encompasses. 

Furfhermore, results also indicate that the participants possessed the 
capability of constructing and developing powerful mathematical models (e.g., d 
= rt, p = rt + p„) using a constructivist approach based on inquiry rather than 
direct instruction. Within the process of constructing these models, learners 
attempted to reconcile conflicts or tensions among their personal experience with 
the phenomenon, learning standard mathematical concepts, and learning 
standard physics concepts. 


Discussion 

The results of fhe study reveal the complexity involved when constructing a 
mathematical model to describe and predict the motion of an object. When 


How to calculate an average: 

1. Using total distance and total time 
2. Using individual interval distances and 
individual interval times 


Standard concepts 
in maths 


1. Interpolating 
(using a finer scale) 
2. Averaging takes 
care of error 



Standard concepts 
in physics 


1. Experimental data 
represents the experiment 
2. Averaging takes care 
of error 


Learner experience 


Figure 8. A summary of tensions related to average and scale. 
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immersed in a set of modelling activities that do not rely on direct instruction 
methods or procedures, learners become engaged in an authentic process that is 
both mathematical and scientific in nature. Such engagement aligns closely with 
expectations outlined by national standards and by national science and 
mathematics organisations and norms within the science and mathematics 
communities themselves. Within the process of constructing a mathematical 
model, learners attempt to reconcile conflicts or tensions among their personal 
experience with the phenomenon, learning standard mathematical concepts, and 
learning standard physics concepts. Analysis of efforts to link all three realms 
results in the emergence of critical themes highly relevant to both learners and 
teachers as they are engaged in the mathematical modelling process. The 
researcher examined the episodes identified as typical in the grounded theory 
coding using the tensions framework shown in Figure 4. 

Constructing a Model that is "Good Enough" 

Considerations of what makes a model "good enough" to use rest on deeply held 
convictions of how a mathematical model should or should not accurately and 
precisely describe and explain a real world phenomenon. While such a theme 
may seem obvious or trite, it is of profound significance for two reasons. First, 
the demand that learners make cormections between mathematics and the real 
world has been, and will continue to be, at the forefront of most major reform 
efforts. Both teachers and students will often question the nature of mathematics 
and the reasons for learning mathematics as they try to meet educational goals. 
Such questions deserve to be answered and need to be addressed to support 
reform efforts. Secondly, learners' questions of what is "good enough" could rest 
on the development (or lack of development) of certain mathematical constructs. 
Exploring the nature of student thinking regarding these constructs could 
provide rich learning trajectories that could help students link the real world 
with more abstract, mathematical models in a far more conceptual way. It would 
also provide for them another facet of the nature of mathematical thinking and 
learning and provide mathematical empowerment they otherwise would not 
obtain through direct instruction (e.g., being told that the model is already 
accepted and they must learn it as such). 

Limitations of the Study 

Methodology. Given the use of the Grounded Theory approach to data collection, 
certain limitations of the method are evident. Taber (2000) warns of a researcher 
relying too formally on the "algorithm" for grounded theory. What appears to 
outline a procedure for making clear-cut decisions actually indicates that the 
development of a theory is never complete. According to Glaser (1978), 
"Grounded theory... makes [the analyst] humble to the fact that no matter how far 
he goes in generating theory, it appears as merely 'openers' to what he sees that 
could lie beyond" (p. 6). Given the implications of certain findings while 
conducting classroom research, there is always a concern that certain factors or 
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thought processes could initially be overlooked or considered trivial. It is only 
through repeated implementations relying on sound conjectures that other 
factors can either be brought to the fore or defermined irrelevanf. 

To discuss ofher limifafions, fhe researchers rely on fhe framework 
presenfed by Cobb ef al. (2001) and fheir work on analysing classroom 
mafhemafical pracfices using a modified Grounded Theory approach. 
Specifically, Cobb and his colleagues analyse fheir mefhodology in ferms of 
frusfworfhines, replicabilify and commensurabilify and usefulness. 

Trustworthiness. The difficulfy of presenfing critical episodes in isolafion 
carmof be overlooked. Episodes indicating cerfain mafhemafical fhreads of 
reasoning make sense only wifhin fhe confexf of fhe enfire sfudy, and fhe reader 
musf rely on fhe researcher's claim fhaf presenfed inferences or fhemes span fhe 
enfire dafa sef. Furfhermore, isolafing cerfain episodes immediafely leads fo a 
fendency on fhe parf of fhe reader fo presenf alfemafive inferprefafions of 
reasoning exhibifed in fhe vignette. This may be done wifhouf fhe reader 
realising fhe full scope of fhe analysis underfaken fo choose fhe episodes as 
examples of an idenfified paffem of reasoning evidenf fhroughouf fhe enfire dafa 
sef. The researchers hope fhaf fhis issue can be addressed by selective coding and 
focusing on identifying core cafegories for fufure sfudies. The process of using 
more sfudies allows for developmenf and refinemenf of inifial conjecfures as fhe 
researcher moves from one sfudy fo fhe nexf. The researchers also concede fhaf 
conjecfures developed from a grounded fheory approach are always open fo 
refufafion and alfemafive inferprefafion. However, given fhe possibilify of 
conducfing furfher sfudies, fhe researcher feels confidenf fhaf fhe validify of 
inferences and conjecfures can become more firmly esfablished. 

Replicability and commensur ability . Cobb ef al. (2001) claim fhaf mafhemafics 
educafion research is "replefe wifh more fhan ifs share of disparafe and 
irreconcilable findings" (p. 153). The researcher musf answer fhe question of 
whefher or nof implemenfafion of fhe same unif in a differenf classroom would 
yield fhe same findings and conclusions. The possibilify of answering such a 
quesfion sfems from fhe imporfance of considering classroom confexf and seffing 
nof only when implementing fhe unif buf also when analysing dafa. The 
advanfage of fhe researcher's approach is fhaf sfudenfs' learning oufcomes can 
be relafed fo a learning sifuafion, a desirable goal esfablished by school reformers 
fhaf fhe researcher feels would nof be confesfed by professional feachers or 
mafhemafics and science educafion researchers. 

Nafurally, fhere are ofher limifafions relafed fo fypical classroom practice 
fhaf inhibif fhe implemenfafion (fhough nof fhe validify) of such an approach. 
One consideration is fime consfrainfs of fhe f 5 q)ical school schedule. A second 
limifafion is fhe difficulfy of analysing and documenting individual sfudenf 
learning. The inferviews conducfed in fhis sfudy, for example, played a dual role 
in nof only probing sfudenf fhinking, buf also evaluating how much fhe sfudenfs 
had learned fhroughouf fhe course of fhe unif. Analysis of fhese inferviews is 
complex in fhaf bofh roles may be used fo develop conjecfures and 
recommendafions for furfher sfudy and fufure implemenfafions. Thirdly, while a 
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grounded theory approach is context-based, the study presented does not 
account for either gender differences or ofher issues relafed fo equify For many 
schools, fhese are considerable facfors for analysis and debafe. Finally, one 
crucial factor is fhaf fhe sfudy was heavily concerned wifh mafhemafical 
meaning of critical concepfs in kinematics. The researchers assume a cerfain level 
of confenf knowledge on fhe parf of fhe teacher and his or her concern abouf 
whefher or nof such an approach will help teachers and sfudenfs realise cerfain 
education goals. 

During fhe pilof sfudy and fhe presenf sfudy, learners alluded fo fhe 
significanf role fhe feacher plays in inquiry-based learning and fhe imporfance of 
confenf knowledge: 

Joan: I just realised how much content knowledge that science and maths 

teachers have to have to get these kinds of discourse patterns in a 
classroom. To look at these relationships, the level of content 
knowledge that somebody needs is. ..well, that's my observation. But 
your strategy, though, to get people to see these relationships which 
has really moved away from just the procedural was to create these 
discourse patterns, and I look at the level of knowledge you have to 
have in order to really create that and to have people who are making 
sense of it all along the way. I was watching the pedagogy as much 
as trying to get the [ideas]. 

The researchers feel fhaf fhe sfudy makes a confribufion by providing an 
indicafion, af leasf, of fhe fype of confenf knowledge necessary or desirable for 
feachers fo implemenf such an approach fo sfudying kinemafics (e.g., funcfion 
and average) given calls for reform and guidelines presented by bofh nafional 
and sfafe sfandards for mafhemafics and science. 

Usefulness. The sfudy presenfed provides a means fo supporf discussions 
regarding professional developmenf of feachers. Given fhaf fhe sfudy links 
classroom setting and learning, fhe opporfunify for feachers fo link confexf and 
insfrucfional practice is evidenf. Through such sfudies, feachers can learn how fo 
fesf, adapf, and modify cerfain approaches in fhe classroom based on sfudenf 
learning and desired oufcomes. The complexify of such an approach, however, 
necessarily requires change fo be a more fime-consuming, and continuous, 
process of learning and implemenfing on fhe parf of fhe classroom feacher. 

Recommendations for Further Research 

Crifical fhemes embed episfemological considerations and cognifive conflicf 
wifhin an inquiry-based approach: "Whaf is fhe meaning and role of absfracfion, 
formalisafion and generalisafion in applicafions and modelling?" The following 
quesfions merif furfher sfudy. If sfudenfs are able fo sfudy, concepfualise, and 
undersfand possible approaches fo resolving experimenfal error, will fhis allow 
fhem fo accepf and undersfand cormecfions made befween a formal model and 
fheir real-world experiences more readily? Whaf makes a model "good enough" 
for sfudenfs? Furfher implemenfafions of fhe unif would provide more specific 
answers fo fhis question. 
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Finally, teachers' beliefs and perceptions of models in science and science 
education have an effect on students' learning outcomes. The impact or 
implications on instruction or classroom practice requires further investigation to 
support implementation of modelling approaches. Such studies in this vein are 
rare (Justi & Gilbert, 2002; Van Driel & Verloop, 1999, 2002). Other specific issues, 
also raised by ICMI (2003, pp. 12-13) and related to epistemology, are also 
informed by our results: (1) How do teachers set up authentic applications and 
modelling tasks? and (2) What is essential in teacher education programs to 
prepare prospective teachers to teach applications and modelling? 

Learners' involvement with the unit on kinematics highlights the need to 
bridge a gap between mathematics and physics concepts and the practices of 
experimentation, data gathering, and analysis of real world data. Woolnough 
(2000) emphasises that students must see "links between the mathematical 
processes they are using and the physics they are studying" (p. 259). In order to 
help students obtain learning goals, teachers must also be able to create and 
strengthen such links. A difficult, though notable, goal is to have teachers link not 
only the mathematics and physics worlds through critical concepts, but also link 
the mathematics and science realms to learners' experience. A model-based or 
inquiry-based approach appears to be the best means to reach this goal, though 
much work must be done in terms of teacher preparation and re-evaluating 
certain educational goals before substantial, worthwhile benefits are realised. 
Furthermore, establishing a uniform theory of modelling in mathematics and 
science classrooms can support efforts to reach the goal and maximise benefits 
for both teachers and students. 
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